Equations of gravity when projected on spacetime horizons resemble Navier-Stokes equation of a fluid with a specific equation of state [7] [8] [9] . We show that this equation of state describes massless ideal relativistic gas. We use these results and for Schwarzschild black hole we build an explicit and simple molecular model of the fluid. We work with spin zero Bose gas and we show our model makes two predictions: (i) The horizon area/entropy is quantized as given by Bekenstein's quantization rule, (ii) The model explains the correct type of proportionality between horizon area and entropy. The proportionality constant, is however, less than 1/4.
I. INTRODUCTION
There exists a popular viewpoint that general relativity, like fluid mechanics, could be seen as a thermodynamical equilibrium, macroscopic description of a system with completely different microscopic degrees of freedom. The idea traces back to Sakharov [1] , however, in the last two decades there has been a surge of activities in this direction, see, for instance, Refs. [2] [3] [4] [5] . Similar ideas also form the core of the analogue gravity programme (see, for instance, the review [6] ).
Three decades ago, Damour [7] showed that the equations of general relativity when projected on to a black-hole horizon give Navier-Stokes equation of a 2-dimensional fluid that lives on the black hole horizon. This allowed Damour to identify various black hole properties with the properties of a 2-dimensional fluid. This approach has now been generalized to arbitrary spacetime horizons in recent works of Padmanabhan [8, 9] . (For other results on fluid-gravity correspondence see Refs. [10] [11] [12] .) In case the results of [7] [8] [9] are not only a curious analogy, one expects that also properties of semi-classical black holes could be holographically obtained from statistical mechanics of the (quantum) (2 + 1)-dimensional fluid living on the black hole horizon.
In this work, we use results of Refs. [8, 9] and build an explicit and simple molecular model of the (2+1)-dimensional fluid. (For details on how the various fluid characteristics arise from the spacetime metric see the above references.) We show that the microscopic fluid model indeed provides a holographic analogue for different phenomena in semi-classical quantum gravity, bringing very interesting insights into the nature of various aspects of black hole thermodynamics. For example, the microscopic model presented here sheds some light on the proportionality between horizon area and entropy, and provides very interesting alternative explanation for the Bekenstein quantization of horizon area (or entropy) [13] . For the sake of simplicity, we consider in this work only the Schwarzschild black hole. * email: jozef@iisertvm.ac.in † e-mail: shanki@iisertvm.ac.in
There have been attempts to build microscopic models describing physics of black hole horizons. (Microscopic models outside models of quantum gravity, such as String Theory, or Loop Quantum Gravity.) Specifically, in Ref. [14] , the authors have used Bose-Einstein condensate as a microscopic model to describe black hole horizon as a surface of quantum phase transition 1 . In this work, we also use a model of Bose gas, however our approach and its origins are very different from the one in Ref. [14] .
In this work we use the metric signature (−, +, +, +) and set G = c = = k B = 1.
II. THE MOLECULAR MODEL FOR THE THERMODYNAMICS OF SCHWARZSCHILD
BLACK HOLE
Model set-up
We start with the following general assumptions that link the microscopic theory of the fluid to black hole thermodynamics, (these assumptions are consistent with the original paper of Damour [7] ):
• since the fluid is a (2+1)-dimensional fluid living on a horizon, the volume of the fluid is naturally the area of the horizon A H ,
• the temperature of the horizon T H (with the usual normalization of the time-like Killing field) is the temperature of the fluid,
• the total energy of the fluid is the black hole Komar energy.
(Later, it will be required for the entropy of the fluid to be identified with the black hole entropy.) Damour-Navier-Stokes equation is obtained by projecting Einstein's equations on the horizon and it identifies the fluid's pressure with the horizon parameters as [8] 
(κ is the horizon surface gravity and T H is the Hawking temperature of the horizon.) This result holds true for a general Killing horizon 2 [8] and is also shown to hold from purely thermodynamic reasons by identifying the temporal rate of change of Einstein gravity action with the spacetime entropy production [9] . The equation of state of the fluid (1) will be the starting point of this work.
It is interesting to note that for the Schwarzschild black hole the above expression can be somewhat naively derived from the definition of pressure using the black hole entropy,
Eq. (2) boils down to the fact that for Schwarzschild black hole:
Now let us demonstrate that for a general Killing horizon the equation of state (1) translates into equation of state of an ideal relativistic fluid. The Komar energy of the Killing horizon is computed from
where ξ is the suitably normalized Killing field generating the horizon. After short calculation this leads to
Combining Eq. (1) and Eq.(5) one gets
This is an equation of state of an 2D ideal massless relativistic gas [15] .
2 For the Schwarzschild black-hole and in Schwarzschild radial coordinates, Damour-Navier-Stokes equation leads to the following simple equation
where i labels the angular coordinates. This is a trivial way to express the zeroth law of black hole thermodynamics, which says that the black hole temperature (or equivalently the horizon surface gravity) is constant across the horizon. For fluid, this means that the pressure is constant across the fluid and also that the viscosity terms vanish, indicating that the fluid looks like an ideal fluid.
Our aim is to identify a microscopic model for the Schwarzschild black hole using the fluid-gravity correspondence. For a microscopic theory defined by a Hamiltonian, the entropy is typically a function of three independent parameters S(E, N, V ), where E is system's energy, N is the number of particles and V is the volume. In what will follow we utilize some aspects of the microcanonical ensemble approach. For example the concept of temperature used in the following section will be defined as in the microcanonical ensemble, that is, knowing S(E, N, V ) we will fix N, V and define T = dE/dS.
However, the parameter space of Schwarzschild black hole is one-dimensional and can be expressed by a single parameter V = A H (or E.) Therefore, if a microscopic model is supposed to reproduce Schwarzschild black hole, one needs to constrain the space of states of the fluid to only one dimension. This means from the point of view of the relevant states of the system we will not treat the variables E, N, V as independent, but they must fulfill two constrains: E = E(V ) and N = N (V ).
We can obtain the constrains as follows: If we interpret the fluid energy as the Komar energy and the volume as the horizon area, they must fulfil the relation imposed by the Schwarzschild solution:
This means Eq.(6) provides the constrain E = E(V ).
The second constraint N = N (V ) can be derived from the other well known equation, relating the mass of the black-hole and Hawking temperature:
However, to derive N (V ) from Eq. (7), requires information about the microscopic model, and therefore it will be done later. At this stage all one needs to keep in mind is that the fluid's parameter space is fully constrained to one dimension by Eq. (6) and Eq. (7). Furthermore, the constraints mean that for a specific value of V only a specific combination of thermodynamical potentials p, µ, T is allowed.
We have shown in the first half of this section that the fluid is an ideal massless relativistic gas. The relativistic gas can be either Bose or Fermi. In the rest of this work, we show that the microscopic model of a massless Bose gas living on a sphere predicts the form of N (V ) that leads to the Bekenstein's black-hole area quantization [13] and gives the correct proportionality between area and black hole entropy.
The microscopic description (from the microcanonical point of view)
Now let us have a better look at the consequences of the ideal gas model. The energy levels of a free nonrelativistic particles living on a sphere were calculated in [17, 18] as:
where R is a radius of the sphere and α 2 is some constant. (In a strict sense there are differences between [17] and [18] on whether the constant is allowed to be non-zero. However any energy quantum spectrum can be always shifted by a constant, which in best case is fixed by gravity considerations, such as these, so physically we stick to the spectrum given by Eq. (8) with arbitrary α.) The energy levels correspond to the Laplacian on the sphere and therefore have the degeneracy of the spherical harmonics, given as g ℓ = 2ℓ + 1.
As one can see from the Hamiltonian used in [17] , we can obtain spectrum of a massless relativistic scalar particle by a simple transformation:
(9) This can be (through our constrains) expressed as a simple function of temperature
(ǫ ℓ is independent on the black hole parameters.) For simplicity, in this work, we utilize the spectrum (10) and we model the ideal relativistic massless gas by particles with zero spin, which also means we work with Bose gas. We have constrained our system by equations (6) and (7). One of those equations gives the constraint E(V ), the other equation then implies another constraint N (V ). Let us now obtain the constraint N (V ): Note that in a microcanonical ensemble when T is much larger than spacing between the quantum energy levels, the mean particle's energy linearly decreases with temperature, as prescribed by the equipartition law 3 . It can be shown for a simple harmonic oscillator 4 that the equipartition law ceases to hold for very low temperatures, when the temperature is of a comparable value to the discrete spacing between the energy levels. Furthermore, for temperatures of a value comparable to the spacing between the energy levels the average particle's energy is very close to the ground state energy. From Eq.(10) one observes that, in our constrained system, the temperature always is of a comparable value to the spacing between the energy levels, which means the equipartition law is not applicable.
This in turn implies that our free gas is supposed to have mean particle's energy very near the ground state. In such case we can use the spectrum (10) to see that the mean particle's energy must be:
where γ ≥ |α| and γ being approximately of the same order as |α|. Since
Eq. (11) is the desired second constraint N (V ). This is one of the main results of this work, and we would like to stress the following points:
• The derivation of N (V ) is based on few insights and presuppositions in the microcanonical ensemble approach. In the following section, we derive the same result more rigorously. In particular, in the next section, we will use the result given by Eq. (11) as an Ansatz and it will be shown that the Ansatz is correct in the sense that it fulfills all the constrains of the model. This means the relation (11) is a direct consequence and prediction of our microscopic model.
• Eq. (11) is remarkable as it gives Bekenstein's [13] quantization of the black hole horizon area (since N is by definition a natural number). It gives a completely new and independent insight into Bekenstein's result. Furthermore, the insight does not rely on the quantum theory, only on the fluid interpretation of gravity. (The constant |α| is here arbitrary, but can be fixed to obtain the most popular form of Bekenstein type of spectrum as |α| = 4π. This fixing gives wave-length of the particle in the ground state equal to the circumference of the black hole horizon.) Note that the linear proportionality between the horizon area and the number of degrees of freedom is a starting assumption in the grandcanonical statistical analysis of Schwarzschild black hole in Ref. [19] .
• The formula (11) has also a deeper meaning; it is problematic to speak about density of fluid's degrees of freedom, as to speak about density one needs pre-defined geometry. However, geometry is in this view a macroscopic property constituted by the fluid. In some sense it is natural to fix the way how the geometry is constituted by the fluid by relating it to the density of the fluid's degrees of freedom as:
This also explains why in the fluid-gravity approach one obtains analogue of Navier-Stokes equation [8] (and energy diffusion equation given by the Raychhadhuri equation), but not the (rest-)mass conservation equation. The fact that the particles are massless, and the density of particles is always the same constant, means that mass conservation equation is fulfilled by a simple identity (its information rests only in how geometry links to the fluid particles).
• One of the standard problems with black hole physics is the fact that black holes have negative heat capacity. This means for black holes one cannot define canonical partition function [20] and it seems black holes cannot be represented by well known microscopic models of a fluid. The key observation is that our model is very different: By fixing volume and the number of particles, and computing derivative of E(T ) one obtains positive heat capacity. However since our model is onedimensional constrained model in which change in temperature leads simultaneously to change in all fluid parameters (energy, number of particles and volume), the derivative of E(T ) does not correspond to a standard notion of heat capacity and can be negative.
Rigorous statistical ensemble calculation
One can confirm the insights from the last section through a more rigorous statistical ensemble calculation of our constrained system. The calculation is a hybrid between canonical and grand-canonical ensemble, therefore we refer it as statistical ensemble calculation. The number of particles is not kept fixed (which makes it look like grand-canonical ensemble), but the system is constrained to only one parameter (which we choose to be the energy), which makes it look as a canonical ensemble. We want to stress that our calculation is still semiclassical and therefore we assume our system to be in a sufficiently low temperature regime. (This is the regime of sufficiently large black holes where semi-classical description is reasonably close to the reality.) More precisely, the sufficiently low temperature regime means that T /T p << 1, where T p is Planck temperature. Since we use Planck units, T p = 1, and therefore in Planck units the condition of semi-classicality translates to T << 1.
Let us start from the first principles and assume our system to be in a contact with a huge reservoir. Then the probability of a state with energy E for a Bose system is given by:
Here
with g ℓ being the degeneracy of the energy level and µ chemical potential. The variables in Eq.(12) are subject to two constrains
and
In constraint (14) we substituted for N a function of E using Eq. (11) and Eq.(6).
For n ℓ >> 1 one can use Stirling's formula and transform Eq.(12) to:
If we assume that the value ofĒ(T ) is given by the extremum of p(E), then we obtain using Lagrange multipliers the following equations
Hereλ and λ are Lagrange multipliers corresponding to the two constraints (13) and (14) . Take the first equation and substitute forλ from the second equation to obtain:
Let us further use the fact that E must be a function of temperature given by Eq. (7). Then equation (16) can be rewritten as
(ǫ ℓ ′ was defined before and is independent on external parameters.) Before we proceed with the rest of the calculations, it may be worth pointing out that the equation (17) has certain limitations. The limitations arise due to the use of Stirling's approximation and the fact that in general for higher occupation numbers (where the numbers are small) the above formula could give inaccurate results. Despite some quantitative modifications (due to changes in the asymptotic behavior ofn ℓ ), in most of the cases one can still expect that the exact results go qualitatively along similar lines as the ones derived via Eq. (17) . For example constrains (13) and (14) could fix (slightly different) γ(α) and f (T ), however, the final conclusions can be expected to remain unchanged.
A necessary condition for every occupation number is that it is positive for each level. This leads to the condition
Now let us explore the possibilities of obtaining divergent number of particles for the asymptotic case T = 0. (This is a necessary condition that our model must fulfill and means that in the limiting case of zero temperature corresponds to a black hole with infinite horizon area and infinite mass.) One possibility would be that
and λ ≤ 0, which would lead to a constant finite non-zero distribution of particles over states. This would however contradict our assumption that the average particle's energy is close to the ground state. The only remaining possibility (how to obtain the infinite number of particles) is if the infinite number of particles are specifically in the ground state. This happens if:
One can then easily derive from Eq.(17) that:
where n 0 would be the occupation number of the ground state ℓ = 0. Since also ∞ ℓ=1ǫ ℓnℓ (the sum of energies above the ground state energy) clearly converges, this means γ = |α| and
It is important to realize that such a solution, represented by Eq. (20) , can be always chosen for λ. This is because the only consistency conditions are the two constrains (13) and (14) , in which constraint (13) only leads for T << 1 to our condition γ = |α| and the constraint (14) can always be fulfilled, since it just determines the correct choice of f (T ), which means the correct choice of the chemical potential.
Eq. (20) together with Eq. (18) gives the following condition on f (0):
Eq. (17) can be further rewritten as
which gives in the T = 0 asymptotic casē
Now with these observations one can fix the function f (T ) through Eq. (14) . If T << 1 the following equation is satisfied:
(the ground state is non-degenerate). This fixes
Calculating the entropy
There is one significant consistency check and this is the fact that we require the fluid's entropy to match the black hole's entropy. As previously mentioned, in the low-temperature limit we need to match the fluid entropy with the semi-classical black-hole thermodynamics results.
Let us use the first law of thermodynamics:
which leads to (T small again)
This automatically gives entropy to be proportional to the horizon area ∼ A H . However, claiming that entropy must be a growing function of A H gives the following upper bound on f (0):
Since the positivity of occupation numbers implies f (0) > |α|/4, it means that f (0) ∈ (|α|/4, |α|/2). This means the right proportionality given by ∼ 1/4 cannot be reached as it would require f (0) = 0. Therefore, our microscopic fluid model predicts that only part of the black hole entropy can be explained by the fluid. All this means is that our model indeed leads to the correct linear proportionality between entropy and the horizon area, but with a lower factor than 1/4. (The proportionality factor depends on the free parameter f (0) and lies in the interval (0, 1/8).) In Appendix A we suggest that similar entropy calculation excludes fermionic model. One would possibly like to derive the same result in a more "proper" manner, from the statistical ensemble calculation. However, it is non-trivial to determine from the partition function what is the entropy of our system for T → 0. It is true that the degeneracy of the ground state, in which dominant number of particles reside for T = 0, is zero, however there are finite occupation numbers when T = 0 for the higher energy levels. These occupation numbers contribute to non-zero entropy. To calculate the entropy (e.g if it is convergent, or divergent at T = 0) from the statistical approach based on Eq.(15) seems to be impossible, as the approximations (e.g Stirling formula) used in this section fail for the higher level occupation numbers. Despite of this, let us make a qualitative observation that as T approaches zero the higher level occupation numbers grow (and approximate a finite constant value) and therefore entropy grows as T → 0. This is consistent with what one observes for Schwarzschild black hole.
III. DISCUSSIONS
We have shown that equation of state for the holographic fluid living on a spacetime horizon derived by [8] is in fact equation of state of an relativistic ideal gas. This provides better physical understanding of the nature of the fluid. Also the result is valid for generic spacetime horizon and depends only on general relativity theory.
Many consequences of our microscopic holographic model for the black hole thermodynamics were discussed in the appropriate places in the text. The first main feature of our model is that it predicts for the black hole horizon an equispaced area / entropy spectrum. (There are many different arguments that lead to this type of spectrum originally suggested by Bekenstein [13] . For overview of these arguments see for example [21] .) The spacing in the area spectrum is undetermined by our model, but it is equal to two times ground state energy of a single particle state. One can then proceed further and use either reduced quantization methods [22, 23] , or quasinormal modes [24, 25] to fix the spacing between the area/entropy levels. The most widely agreed outcome will give in Planck units the area spacing as 8π and will lead to the one-particle's ground state energy equal to 4πT .
The second prediction is that we recovered with our model the correct type of proportionality between horizon area and entropy. However the proportionality factor is less than one half of what is the result for black holes in Einstein gravity. One can try to "resolve" this problem by suggesting more species of particles whose entropy adds up to the correct proportionality, but this might sound slightly artificial without support of some additional arguments. Anyway, let us keep such a suggestion open for future investigations.
There are many more open questions and problems, for example: a) We considered only the simplest, scalar (spin 0) Bose particle model. One does not assume any significant changes for bosons if higher spins s = 1, 2 were employed, but one needs to calculate the oneparticle energy spectra for such cases. Suggesting that the spectra should be similar to spectrum 10, one can also exclude half spin particles (fermions). This calculation is done in Appendix A. However all this needs to be further explored. Also, can one interpret the non-equilibrium thermodynamical effects that occur in higher curvature gravity [27, 28] through such a microscopic model of a suitable fluid? e) One can also stick to the model we have and further explore, and discuss, possible consequences of the model, such that could lead to potentially observable predictions.
In this appendix, we consider fermions assuming that the one-particle energy spectrum will be the same as in case of zero spin particles, hence the spectrum is given by Eq. (10) . [There will be small corrections due to the spin 1/2 nature, but in the present calculation they are not supposed to contribute.] Let us first estimate the function N (E) for temperatures so close to zero, that all the energy states up to Fermi level will be occupied by one particle, and the levels above will have zero occupation number. The energy can be calculated as:
(Here we approximated the spectrum (10) for higher levels by ǫ ℓ ≈ T ℓ and L labels the Fermi level.) The number of particles N is given as:
Calculating the sum in Eq.(A2) one obtains:
Considering that N >> 1 one further obtains:
One can also calculate the sum in Eq.(A1) which leads to:
The dominant term gives:
and then using our model constraints
The state's occupation number can be similarly to the bosonic case derived as: 
This with our constraints leads to the result: 
